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RECONSTRUCTION OF NAPIER’S LOGARITHM TABLE 

An exploration of the mathematics of Napier's 

Mirifici Logarithmorum Canonis Constructio 
Abstract 

   The essay titled above explores the mathematical foundations of John Napier’s groundbreak-

ing work on logarithms, with particular emphasis on his seminal text, Mirifici Logarithmorum 

Canonis Constructio. Through this exploration, I aim to reconstruct Napier’s table of logarithms 

and to shed light on the innovative techniques and concepts he employed in its creation. In 

addition, this reconstruction is situated within the broader historical context of mathematics in 

the sixteenth and seventeenth centuries. 

 

The Descriptio 

   In 1614, the Scottish theologian and mathematician John Napier published the Mirifici Loga-

rithmorum Canonis Descriptio, containing a logarithm table for trigonometric quantities. The 

table concerns remarkably good numerical approximations of the exact Napier logarithms (in 

this summary denoted by the capital letter L) of the Sine, Cosine, and Tangent (capital letters), 

of angles in the first quadrant of a circle with radius R = 107 units, where the arc of the circle is 

divided into 90 x 60 = 5,400 minutes. See Figure 1. The calculation method used by Napier led, 

after 20 years of laborious calculation, to a logarithm table for trigonometric quantities, of 

which Table 1 shows the first page. 

Table 1. First page of Napier’s logarithm table from 1614. In the left column, the angles run 

from 0°0’ to 0°60’ = 1° from top to bottom. In the right column, the complementary angles 

run from 89°0’ to 89°60’ = 90° from bottom to top. Therefore, you read the left Sine column 

from top to bottom; the right Sine column from bottom to top. 
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The Constructio 

   In 1619, his son Robert Napier and the London mathematician Henry Briggs published the 

Mirifici Logarithmorum Canonis Constructio posthumously, with notes in which Napier ex-

plained the rather complex mathematical background of his calculation method. Napier had 

compiled this detailed description several years before the publication of the Descriptio, but 

never published it. See [1], p. xvi. 

 

Fig. 1. Napier's quarter circle. In Napier's time, the Sine 

(capital letter) of an angle was understood to mean the 

modern sine (number between 0 and 1) multiplied by the 

radius R of the circle that was relevant at the time. 

Around 1600, trigonometric quantities were therefore 

understood not so much as ratios, but as lengths. Napier 

chooses the radius R equal to 107 units so that his Sines 

can have seven significant digits before the decimal 

point, in order to guarantee sufficient accuracy. See [1], 

p. 8. 

 

Who was John Napier? 

   Napier, Ioannes Neper, was born in 1550 in Merchiston Castle, Edinburgh. The Napiers were 

among the oldest Scottish nobility; John's family tree goes back to 1068. See [11], p. 5 et seq., 

and see Figures 2 and 3. John was born during the Reformation in Scotland, where a fierce 

struggle was raging between Protestants and Catholics at the time. His family had become 

Protestant and John was very religious. 

 

Fig. 2. John Napier (1550 – 1617), Lord of 

Merchiston near Edinburgh, Scotland. Portrait 

dated 1616; presented to the University of Edin-

burgh by his great granddaughter Margaret, who 

became Baroness Napier in 1686. Artist un-

known. Source Wikipedia.org. 

 

In 1563 he began studying theology at St. An-

drews University, but for unclear reasons, he 

abandoned it after only a year.  

 

In 1564 he embarked on a journey across main-

land Europe—adventurous and dangerous for the 

time. It is unknown exactly what he was looking 

for there, but it is suspected that he studied the-

ology in Geneva, among other places. See [11], p. 

18. In 1571 he returned to Scotland, married, and 

became a landowner, the 8th Laird of Merchiston, near Edinburgh. 

 

In 1593 he published The Plain Discovery of the Whole Revelation of Saint John. An important 

conclusion he drew was: “The Pope is the Antichrist”. The book became a great success in 

Protestant Europe. Napier considered that his most important work, and not his discovery and 
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construction of the logarithm. Mathematics seems to have been little more than an interesting 

hobby for Napier. 

 

John Napier died in 1617, before the publication of the Rabdologiae, the book about his calcu-

lating rods. The Constructio was also published posthumously in 1619, with the collaboration 

of Briggs, among others. 

 

MacDonald and Havil 

   In my essay of which this article is a summary I reconstruct the logarithm table in the De-

scriptio based on the still very readable English version of the Constructio, The Construction of 

the Wonderful Canon of Logarithms, from 1889, a translation by William Rae MacDonald [1]. 

 

Particularly noteworthy in this regard is the biography John Napier, Life, Logarithms and Legacy, 

by Julian Havil. See Havil (2014), [2]. This is not only a historical biography, but Napier’s math-

ematical work is also discussed extensively and expertly by Havil. Havil also relies on the work 

of the mentioned MacDonald. 

 

Fig. 3. Merchiston Castle in 1829. 

From: https://thecorbettsociety.org.uk/the-1911-

census/merchiston-road/ 

 

A mathematics book without formulas 

   When John Napier composed his Constructio at 

the beginning of the seventeenth century, neither 

analytical geometry nor infinitesimal calculus was 

yet available to articulate his profound mathemat-

ical insights concerning continuously varying quan-

tities. Indeed, René Descartes’ La Géométrie did 

not appear until 1637, while differential and inte-

gral calculus—also referred to as fluxional or infin-

itesimal calculus—originated in a seminal article 

by Gottfried Wilhelm Leibniz published in Acta Eru-

ditorum in 1684, several decades after Napier’s 

work. Likewise, Isaac Newton’s Philosophiæ Natu-

ralis Principia Mathematica did not appear until 

1687. 

 

A reader who consults John Napier’s original Constructio, as well as William Rae Macdonald’s 

English translation of 1889, encounters—entirely in keeping with early modern mathematical 

practice—a treatise devoid of symbolic notation. Although the text contains several diagrams 

featuring lines that might, from a contemporary perspective, be interpreted as number lines or 

coordinate axes, such an interpretation would be anachronistic. For Napier, these lines serve 

as representations of line segments undergoing continuous variation in length, rather than as 

loci of numerical values. The very notion of a coordinate system had yet to be formulated. 

Accordingly, Napier’s mathematics is fundamentally Euclidean in its orientation and method. 

His reasoning is articulated almost exclusively through verbal exposition, a characteristic that 
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imposes a significant interpretative burden upon the modern scholar engaging with the Con-

structio. 

 

In the opening paragraph of the Constructio, John Napier writes that it (i.e., the logarithmic 

table) is “picked out from numbers progressing in continuous proportion.” That such a con-

struction was achieved in the absence of the later mathematical frameworks of continuity is a 

remarkable accomplishment. 

 

In the present summary, I shall employ analytical tools that were developed long after Napier’s 

lifetime and with which he was not acquainted, but of whose underlying principles he may be 

said to have possessed an intuitive apprehension. 

 

Various logarithm tables 

   The calculation of logarithms at the end of the sixteenth and the beginning of the seven-

teenth century constituted a veritable tour de force. John Napier was the first to publish a table 

of logarithms, in his Mirifici Logarithmorum Canonis Descriptio (1614), intended in particular 

for trigonometric computations frequently required in disciplines such as astronomy, naviga-

tion, and geodesy. See Table 2. 

 

 

Table 2. Page for an angle of 19 degrees + 0 to 60 minutes from Napier's table. 

 

The London mathematician Henry Briggs (1561-1630) constructed his more generally applica-

ble—though ultimately incomplete—table of logarithms on the basis of John Napier’s underly-

ing conception of continuity, yet ultimately discontinued his efforts after more than a year of 

sustained computation (1617). 
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Ezekiel De Decker and Adriaan Vlacq 

   The Dutch scholars Ezechiel de Decker (1603/1604–1646/47), a surveyor and instructor in 

geometry and arithmetic, and Adriaen Vlacq (1600–1667), an astronomer, mathematician, and 

publisher, completed Henry Briggs’s table after approximately ten years of work (1626/1627). 

See Van Poelje (2005) [7] and Van der Zijden (2000) [8]. 

 

In 1628, Vlacq published his Arithmetica Logarithmica, an international bestseller. Apart from 

the correction of computational errors, their table subsequently formed the basis for numerous 

logarithmic tables over the following 350 years. It is therefore noteworthy that this (complete) 

version has continued to be referred to as the Briggs logarithmic table. Although in the Neth-

erlands (even during my school days in the 1960s), logarithm tables were sometimes infor-

mally called Briggs-Vlacq tables. 

 

A reader consulting John Napier’s table for the same angular value in degrees (19 degrees, as 

in Table 2) will observe that Napier’s logarithmic values differ sometimes significantly from 

those found in later, more modern tables based on those of Ezechiel de Decker and Adriaen 

Vlacq (see Table 3). What, then, is the meaning of this discrepancy? 

 

 

 

 

 

Table 3. Page for an angle of 19 

degrees from a Noordhoff table. 

 

 

A Neperian logarithm? 

   In some tables, the natural loga-

rithm is called the Neperian loga-

rithm. See, for example, the military 

tables book [3]. 

 

We also find this name, albeit less 

frequently, in electrical engineering. 

Electronics engineers working with 

transmission lines use the Neper as 

an alternative to the decibel: for two 

field quantities, the Briggs loga-

rithm applies: 

 

1

2

20log  dB
X

D
X

=  (1) 

And with the natural logarithm: 

1

2

ln  Np
X

N
X

=  (2) 
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The potential attenuation of a signal in a telephone cable, for example, is a number of Np/km. 

See [4]. 

 

Compared to the dB, the Neper is hardly used anymore. This is remarkable because so many 

phenomena in electrical engineering are described using exponential functions. For example, 

the potential drop along a transmission cable as a function of length L is equal to: 

 

( )exp ln in

L in

L

V
V V L L

V
 = − → =  (3) 

 

By expressing the attenuation coefficient α in Np/km, an additional computational step—re-

quired when using decibels—is avoided.  

 

In this context, a connection may be observed between the natural logarithm and John Napier, 

although this is historically incidental rather than substantive. John Napier was one of the early 

discoverers of logarithms and is credited with introducing the term logarithm (from the Greek 

logos and arithmos, meaning ratio number or proportion). He also compiled the second loga-

rithmic table—assuming that Jost Bürgi (1552–1632) produced the first—which was nonethe-

less the first to be published. However, Napier was not the inventor of the natural logarithm, 

which emerged only long after his death (1617). 

 

In French usage, the natural logarithm is sometimes referred to as logarithme népérien, a con-

venient but historically misleading designation for the notation ln. Nevertheless, the term Na-

pierian logarithm may suggest an intrinsic connection between Napier’s logarithm and the nat-

ural logarithm, although such a connection is largely retrospective in nature. 

 

The explosive base e 

   The natural logarithm (logarithmus naturalis) also has a base, namely e = 2.71828…, the tran-

scendental base of all exponential growth, with ln e = 1. It is the base that unites the five basic 

constants of mathematics in Euler’s equation, an equation that mathematicians consider the 

most beautiful expression: 

1 0ie  + =  (4) 

 

We can call e the explosive base: after all, Euler introduced it in a manuscript on cannons, the 

Meditatio in Experimenta explosione tormentorum nuper instituta, written in 1727/1728, more 

than 100 years after the death of John Napier.  

 

We will see that the number e is indeed related to Napier’s logarithm. Without realizing it, John 

Napier came very close to discovering e, but e is not the base of the Napierian logarithm! 

 

A logarithm without the usual logarithm properties? 

   Napier's logarithm does not even have the most well-known properties that we attribute to 

logarithms. So, the definition rule, which we all learned in school, 
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 log=  =
a

c
a b b c ,  (5) 

 

does not apply to Napier's logarithm, as well as for example: 

 

log log loga b ab+ =  (6) 

 

But the rule of proportion that was of fundamental importance to Napier, namely 

 

NapLog  - NapLog  = NapLog  - NapLog 
a c

a b c d
b d
=  ,  (7) 

 

is indeed valid. Probably, Napier derived the term logarithm, Logos Arithmos, or ratio number, 

from this formula. 

 

Napier’s logarithm: two points in motion 

   Napier imagined two lines, one with a line segment OX, whose length 

 

Sin sinx R = =  (8) 

 

becomes smaller and smaller as the angle θ decreases, and a second line with line segment 

OL, with a length equal to what we shall call the exact Napier logarithm of x, namely L(x), which 

increases as x decreases. See Figure 4. The points X and L therefore move in opposite direc-

tions. 

 

Fig. 4. Relationship between length x and the exact Napier logarithm L of x. 

 

The continuous, exact, kinematic model yields logarithms per arc minute of 

Sin sinx R = = , of angles 90 0 ' 0 0 '     and radius R = 107.  

 

Napier envisioned a continuous geometric progression. We would call it an exponential func-

tion. The English translation of the Constructio states: “it is picked out from numbers progress-

ing in continuous proportion”. See [1], p. 7.    

 

For the following, see also Van der Salm (1999) [9] and Havil (2014) [2], pp. 96 - 130. 
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Napier devised the following: 

1. There are two lines along which the points X and L move at different speeds. 

 

2. On the upper line, X traverses the finite interval OR with length R = 107; on the lower line, L 

traverses a half-line to infinity. 

 

3. X starts on the top line at x = R = 107. That starting point is the sine of 90°. Its initial velocity 

is –R (m/s or a similar unit). X moves with decreasing, negative velocity, in the direction of 

O, for which x = 0. 

 

4. As X moves to the left, the angles θ become smaller and smaller, and therefore the sines 

Sin sinx R = = (= length of OX) also become smaller and smaller. 

 

5. Point L, with distance L to O, traverses the bottom line, starting from O (L = 0), at a constant 

speed of +R (m/s or similar unit), to L =  . 

 

6. The further X lies to the left, the smaller x is, and the larger the corresponding exact Napier 

logarithm L(x). 

 

What is the relationship between X and L? Because X moves in the direction of O on the posi-

tive x-axis OR, its velocity is negative. Napier chose the speed of X equal to the negative dis-

tance –x. (We will omit the rather lengthy explanation of his motivation for this here.): 

 

d

d
X

x
v x

t
= = −  (9) 

    

At moment t = 0 is (0)Xv R= − (m/s or similar unit). 

 

From equation (9) and this initial value, we conclude: 

 

1
t

x R
e

=
 
 
 

 (10) 

 

The distance x is apparently expressed (in our modern mathematics) as a power with base 

1
=base
e

 , multiplied by R = 107.  

 

Formula (10) shows what Napier must have meant by a continuous geometric sequence. (We 

would say an exponential function). 

 

Formula (10) still contains the time t, which is not needed. We can eliminate it as follows. The 

relationship (10) between t and x is also: 
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 ln
R

t
x

=  (11) 

 

Simultaneously with point X, the point L starts at O on the bottom line with an equally large, 

but positive initial velocity R = +107 (m/s or similar unit). Unlike X, L moves at a constant in-

stantaneous speed. At time t, point L has therefore covered the length: 

 

L R t t
L

R
=  =  (12) 

 

Formulas for the Napier-logarithm 

   The formulas for the exact Napier logarithm are therefore: 

 

 

1/

1
( )

NapLog( ) ( ) ln log

L
R

e

x L R
e

R x
x L x R R

x R

=

= = − = 

  
  
  


 
   

 (13) 

 

Calculating the Napier logarithms using formula (13) is easy with Excel. See the table page in 

Table 4. It is almost unbelievable that Napier produced this work with pen and on paper, with-

out any calculating aid, while he did not have access to modern mathematical formulas. 

 

Napier calculated the numerical approximations of the exact logarithms in a completely dif-

ferent way, namely by linking a geometric sequence and an arithmetic sequence. See also 

Donners, (2002) [5]. In my large essay, of which this article is a summary, Napier’s method is 

explained in detail. 

 

However, the fundamental idea of his logarithm construction is shown above. All this is very 

astonishing, as is evident from the following quote by Lord Moulton, during the conference on 

the 400th anniversary of Napier's Logarithm, Edinburgh 1914: 

 

No previous work had led up to it, nothing had foreshadowed it or heralded its arri-

val. It stands isolated, breaking upon human thought abruptly, without borrowing 

from the works of other intellects or following known lines of mathematical thought. 

 

From: Lynne Gladstone-Millar: John Napier, Logarithm John,  (2013), [11], p. 42. 
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Table 4. Example table page with Napier logarithms for the angle of 19 degrees, generated 

with Excel. 

 

Conclusions 

• Napier was far ahead of his time with his mathematical insight of continuous motion 

• Actually, Napier used analytical mathematics that was discovered more than a cen-

tury later 

• Napier used clever interpolations to actually calculate his logarithms 

• Napier's logarithm is NOT the natural logarithm. 

• Napier's logarithm is not a logarithm in the modern sense. 

• Many of the usual rules of calculation are not applicable to the Napier logarithm 

• Napier took some 20 years to complete the calculations. 

• Besides, Napier Is the (re-)inventor of the decimal point and the modern decimal rep-

resentation of fractions 
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